Abstract. We present some combinatorial results in counting various kinds of s. c. chord diagrams. Latter are basic gadgets in the theory of Vassiliev invariants for knots.
i. e. an oriented circle with finitely many dashed chords in it and considered up to isotopy. The mathematical interest of such a gadget remains the fact, that it is an important part of the combinatorial structure underlying a big class of topological knot invariants, introduced by VASSILIEV [Va] and for understanding them it is often helpful to consider some pictures like the one above. See e. g. [BN] and loc. cit. for a good description of this topic.
In this paper we treat some enumeration problems of certain kinds of CD's connected to the algebraic structures coming from knot theory. The essential difficulty of this enumeration is determining their linearized relatives, called LCD's, fixed by a certain cyclic permutation of the basepoints. This we achieve by introducing some new objects called GLCD's.
It should be mentioned, that similar enumeration problems have been treated in another way in several other papers, e. g. [Be, S, NW, Bo, DP, HS] .
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Notations
For two numbers m, n ∈ N their g.c.d. is denoted (m, n) and m%n is m mod n.
If P is a finite set, by the notation #P we will denote its cardinality and by P(P) its power set (set of all subsets).
In the following we will need some number-theoretic functions. ϕ(n) will denote the EULER function, which can be defined by ϕ(n) := #f 0 < n 0 ≤ n ; (n, n 0 ) = 1 g = n ⋅ for n > 0 and by convention we set 0!! := 1, (?1)!! := 1 and n!! = 0 for n ≤ ?2.
[P(x)] d will denote the coefficient of x d in the polynomial (or power series) P in the formal variable x.
By bnc we will mean the greatest integer not greater than n.
The difinitions of the various properties of all diagrams in the following, unless not noted in this paper, are classical in the theory of Vassiliev invariants and can be found in various papers on that subject, e. g. [BN, St, BL, BN2, BS] . (See [BN3] for an extensive survey on publications on Vassiliev invariants.) We shall just make one general restriction: we will not consider graphs with trivalent vertices of dashed lines, except in § 2.3. (In fact, knot-theoretically, using the various 4T relations within the different diagram spaces [St] , such vertices can be resolved.) Let us use the following notations.
A generalization of the LCD's with more than one solid line are the s. c. string link (sl-)diagrams (for pictures look e. g. in [BN2] ). Let
The motivation to start these considerations was for me the fact, that the number λ D of LCD's of deg D can be computed very easily. In fact, it is a simple exercise to show the following where n ∈ N + and the first component is something like a LCD, but has the following 2 additional features
• If n is even, it may contain self-loops , i. e. chords starting and ending onto the same basepoint
• Each real chord ( a chord which is not a self-loop ) is equipped with a number between 0 ( in this case we drop the number for convenience ) and n ? 1. We will say that it's coloured or labeled by this number.
Let the GLCD's be graded by the number of the basepoints ( not chords !) and the cyclicity of a GLCD be its second component. So the LCD's are exactly GLCD's with cyclicity 1. Then the above picture has degree 10 and cyclicity n. Furthermore, introduce an action of Z d on Γ d,c in the following manner. We will say how 1 ∈ Z d should act on a GLCD.
• It flips self-loops and real chord ends from the right-most position to the left-most
• Each time it flips one of the ends of a real chord, its number changes from k to n ? 1 ? k, e. g. 
@
Let
In other words
A relation between GLCD's and CD's is given by the following Theorem 2.1 There is a bijection
Proof. We should best use an example to demonstrate what we are going to do. Given a GLCD, say 3 1 , n construct the corresponding CD in C 7 2 n,n followingly :
1. Separate an oriented circle into n arcs and mark on each arc 7 basepoints. Number the arcs from 0 to n ? 1 and the basepoints on each arc from 1 to 7. 2. For each real chord in your GLCD and 0 ≤ m ≤ n ? 1 connect the left end basepoint on the arc m with the right end basepoint on the arc (m + µ) mod n, where µ is the number of the chord, e. g. for n = 8 in the case of arc 0 and the chord numbered by 3 in the example we use we get the right chord in the following picture and by BURNSIDE's lemma we get the following combinatorial expression for σ D .
Theorem 2.2 With (2) one has
This formula is probably originally due to JEAN BÉTRÉMA [Sl] .
Symmetric CD's
A variation of the enumeration problem is to count CD's up to mirror images (or equivalently, up to change of orientation of the solid line). Let
σ D can also be computed using Burnside's lemma. In view of (4) 
The resulting formula forσ D is originally due to V. Liskovets [Li] . See [S, §4] for discussion of symmetric LCD's.
Proof. We are looking for the orbits of the dihedral group
For D > 1 we have by Burnside's lemmâ
This is however also true for D = 1 (since we count both elements twice and divide by the double number).
Using this lemma we get σ
from which the formula follows by an easy transformation. 
For a self-loop at basepoint j make a chord between the two points in m i (j). For a chord between basepoints j 1 and j 2 connect the four basepoints of m i (fj 1 , j 2 g) in two pairs by connecting min(m i (j 1 )) with min(m i (j 2 )) for a chord labeled by 1 and to max(m i (j 2 )) if the label is 2. Finally, if i is odd, connect basepoints Check that this procedure indeed describes a bijection.
4 About the 4T and FI relations
In knot theory beside the chord diagrams one is also interested in two kinds of relations imposted on them, the s. c. 4T (four term) and FI (framing independence) relation [BL] . They look followingly
= 0 (FI)
The gray filled parts in the FI relation mean that any mess of chords can stand there and the dashed parts of the circle in the 4T relation allow arbitrary chords to end on them with the restriction that they are the same in all 4 pictures.
Counting 4T relations
The situation with the count of 4T relations on chord diagrams is quite simple. Another definition we will need later is the following one.
Definition 4.3
The length of a chord A in a LCD is the by 1 augumented number of basepoints of other chords between the two basepoints of A. The length of a chord in a CD will be the minimum of its lengths counted on both circle segments between its endpoints. E.g., the CD in definition 4.1 has 4 chords of length 2 and one of length 5.
We will start by counting degenerate LCD's of degree D. Applying the inclusion-exclusion principle and grouping by the number of minimal isolated chords on LCD's we get a recursive formula for ψ D .
and ψ 0 = 0. Here i is the number of choice of minimal isolated chords, j 1 , . . . , j i are the degrees of the LCD's enclosed by the i chords, and k is the degree of the remaining sl-diagram.
Using the characteristic series P ψ and P λ defined by
can be rewritten more nicely as
For determining ω D we have to work a little harder. We will calculate the numberγ d,c of GLCD's of degree d and cycl. c, which produce 2 degenerate CD's.
In the case c = 1 we haveγ
So, from now on let c ≥ 2. We will distinguish 2 cases.
Case 1.
There is an isolated chord in the CD coming from a self-loop in the GLCD.
In this case we must have c = 2 and exactly one . If we cut the CD just before the chord coming from the self-loop, we get (applying Φ ?1
D,2 of theorem 2.1) a GLCD which looks like
A , where A is a non-degenerate LCD 3 . We see that such a GLCD is of odd degree. All other GLCD's producing the same GLCD are generated by the action of Z d (described in the proof of theorem 2.1) from our special one above. They can be described as follows: Put between the basepoints of a non-degenerate LCD a and colour the chords by 1 if they enclose the self-loop and by 0 otherwise, e. g. 2 From now on we will always mean this in the sense described in the proof of theorem 2.1. 3 Let's adopt from now on the convention in diagrams always to indicate by a gray filled part an arbitrary LCD and by a shaded part a non-degenerate LCD.
We will count GLCD's of both types by the inclusion-exclusion principle over minimal chords producing isolated chords. So we have to count a GLCD with ≥ k such chords, so that each GLCD with exactly n chords is counted n k times.
There are two cases. be this number. Such a GLCD we can describe by the GLCD outside of the c ? 1-coloured chord (whose degree we will call e) with a position marked between its basepoints (where the c ? 1-coloured chord and what it encloses is attached) and by the GLCD enclosed by the chord, where k ? 1 chords of colour 0 remain, and which has to be counted as in case
Now by inclusion-exclusion principle we get
Putting all together, we find that
Havingγ d,c , now we can apply Burnside's lemma and get
CD's with chords of length 1
Let ω 1 D be this number 5 . Determining it is nothing but a slight modification of what we did above.
Following the same strategy, first we compute ψ 1 D . We look at a LCD whose closure produces a CD with an isolated minimal chord of length 1. Such a LCD either has such a chord or it has a maximal chord, which is isolated 6 . Once again we apply the inclusion-exclusion principle. For fixed number k of chords we have again as in subsection 4.2 two cases. Case 1. All k chosen chords are minimal. By removing them we are left with a string link count.
Case 2. There are k ? 1 minimal chords and one maximal chord. By removing the maximal chord we get back to case 1.
So we get
For D = 1 the formula gives ψ We obtain
with the analogous formulas as (6) and (7) [BN] . It appeared in the algorithm he uses to compute the dimension of the space of weight systems (see therein table in section 6.1, 2nd last row).
CD's only with isolated chords
We will call such CD's also fully-degenerate and will denote their number by ω 2 D . This enumeration problem and the formula for it are classical. However, I include it here, because we will just see how easily it can be reproduced using our approach.
Let's start once again with the linear case. • for each 2 chords of colour c?1 one encloses the other, i. e. we never have something 
which is the classical formula for the number of planar trees with D + 1 nodes [Sl] .
Exercise 4.2 Find a direct bijection between latter and fully degenerate CD's! Remark 4.2 Using similar arguments it should be also possible to count the various kinds of Gauß diagrams (CD's with oriented chords) [Po] . There we have to orient each chord in the GLCD and we have no self-loops.
Some computations
With the previous formulas it is not hard to compute the beginning of the various integer sequences above 7 . The first 10 values are given in the following 
